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to an Orbital Feshbach Resonance
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We discuss the collective modes in an alkaline-earth Fermi gas close to an orbital Feshbach reso-
nance. Unlike the usual Feshbach resonance, the orbital Feshbach resonance in alkaline-earth atoms
realizes a two-band superfluid system where the fermionic nature of both the open and the closed
channel has to be taken into account. We show that apart from the usual Anderson-Bogoliubov
mode which corresponds to the oscillation of total density, there also appears the long-sought Leggett
mode corresponding to the oscillation of relative density between the two channels. The existence of
the phonon and the Leggett modes and their evolution are discussed in detail. We show how these
collective modes are reflected in the density response of the system.
PACS numbers: 03.75.Kk, 67.85.Lm
Introduction. Recent theoretical proposal [1] and the
subsequent experimental confirmations [2, 3] of the so-
called orbital Feshbach resonance (OFR) in alkaline-
earth atoms have opened a new avenue to investigate
strongly interacting Fermi gases. A prominent feature of
the alkaline-earth atoms, such as Sr [4], Yb [5–7], is that
there are two clock states, the electronic s- and p-states,
both of which have zero electronic angular momentum
J = 0. As a result, there is no hyperfine coupling be-
tween the electronic and nuclear spins. The inter-atomic
interactions which depend (primarily) on the electronic
configurations thus become independent of nuclear spins.
This realizes the so-called SU(N) symmetries, whereN is
the number of nuclear spin components [8–15]. The OFR
relies on the atoms residing on both the s and p-states
which possess slight different Lande´ g-factors [16, 17],
thus allowing tuning by external magnetic field.
Unlike the usual Feshbach resonance, where the closed
channel bound state responsible for the resonance has a
binding energy relative to its scattering threshold much
larger than the Fermi energy of the system, OFR in turn
relies on the existence of a shallow two-body bound state
whose binding energy is of order of the Fermi energy, and
thus brings in new features that are not encountered be-
fore. In particular, it is no longer admissible to treat the
closed channel state as a single boson without taking into
account of its proper internal dynamics. One is thus lead
to a situation much the same as a two-band supercon-
ductor, where the appropriate picture is that two Fermi
surfaces (including both spin) intersect the chemical po-
tential [18–20]. We show that this new situation leads to
the appearance of new collective modes and in particular,
the long-sought Leggett mode in the two-band supercon-
ductor. The dependences of the collective modes on tun-
ing parameters are analyzed in detail. We also calculate
the dynamic structure factor of the system and identify
the appearance of the Leggett mode in the oscillations of
the relative density.
The Model Hamiltonian. Let us denote the electronic
ground s-state as g and the excited p-state as e. Then the
Hamiltonian of alkaline-earth fermions close to an orbital
Feshbach resonance is given by H = Ho +Hc +Hint [1],
where (setting m = ~ = 1)
Ho =
∑
k
ǫk(c
†
g↓,kcg↓,k + c
†
e↑,kce↑,k), (1)
Hc =
∑
k
(ǫk + δ/2)(c
†
g↑,kcg↑,k + c
†
e↓,kce↓,k), (2)
Hint = −g+
2
A†+A+ −
g−
2
A†−A−. (3)
Here Ho(Hc) are the single-particle Hamiltonian for the
open (closed) channels, ǫk = k
2/2 − µ with µ being
the chemical potential. δ is the detuning between the
open and close channels and can be tuned by external
magnetic field. A+ =
∑
k(ce↓,kcg↑,−k − ce↑,kcg↓,−k) and
A− =
∑
k(ce↓,kcg↑,−k + ce↑,kcg↓,−k). Here g+(−) > 0
are the coupling constants indicating the strength of at-
tractive interaction for the singlet (triplet) orbital chan-
nel and related to the respective scattering lengths a+/−
by the usual renormalization conditions: 1/g+/− =
−1/4πa+/− +
∑
k 1/k
2.
To investigate the paring structure of Fermi gases
close to OFR, we define the order parameters ∆+/− ≡
−g+/−〈A+/−〉/2, or more conveniently, ∆o ≡ ∆− −
∆+ and ∆c ≡ ∆− + ∆+ for the pairing strength
in the open and closed channel, respectively. In-
troducing the Grassman variable in the Nambu no-
tation, Ψ¯ = (ψ¯g↓, ψe↑, ψ¯g↑, ψe↓), the partition func-
tion of the system can be written as, after a
Hubbard-Stratonovich transformation, Z ≡ e−βΩ =∫
DΨ¯DΨD∆¯oD∆oD∆¯cD∆c exp(−S), where the effec-
tive action
S = −
∫
dx
[
Ψ¯G−1Ψ− 2|∆+(x)|
2
g+
− 2|∆−(x)|
2
g−
]
, (4)
2here x = {τ, ~r}, ∫ dx ≡ ∫ β0 dτ ∫ d3~r with β = 1/kBT be-
ing the inverse temperature and Ω is thermodynamical
potential. In this work, we focus on the zero-temperature
physics and take the limit of β →∞ at the end of calcu-
lation. The inverse Green function G−1 is given by
G−1(x, x′) = δ(x− x′)
(
G−1o 0
0 G−1c
)
(5)
with the matrix Green functions G−1o,c given by
G−1o (x) =
( −∂τ +∇2/2 + µ ∆o(x)
∆∗o(x) −∂τ −∇2/2− µ
)
(6)
and
G−1c (x) =
(
−∂τ + ∇22 − δ2 + µ ∆c(x)
∆∗c(x) −∂τ − ∇
2
2 +
δ
2 − µ
)
.
(7)
Integrating over the fermionic field, one finds the effective
action S∆ in terms of ∆o,c, given by
S∆ =
∫
dx
[
2|∆+(x)|2
g+
+
2|∆−(x)|2
g−
]
− Tr lnG−1(x, x′)
(8)
In the following, we choose the parameter such that
kFa+ = 1, and investigate the evolution of collective
mode as one changes a−. Here kF is determined by the
density through n = k3F /(3π
2).
Mean field solution and its stability. Within mean
field approximation, the optimal values of the order pa-
rameters ∆o,c are given by the saddle point equations:
∂Ω/∂∆o,c = 0. On the other hand, the chemical poten-
tial is determined by ∂Ω/∂µ = −n with n the average
density. It turns out that, depending on the value of
a−/a+, there are two types of solutions: the true ground
state and the metastable state. For 0 < a−/a+ < 1, the
ground state corresponds to the case when two order pa-
rameters are in phase: ∆c∆o > 0, while the out-of-phase
solution ∆c∆o < 0 is the metastable state. On the other
hand, for a−/a+ < 0 or a−/a+ > 1, the out-of-phase
solution is the true ground state, while the in-phase so-
lution is the metastable solution; see Figure 1.
To understand the various mean field solutions, we as-
sume that a+ > 0. The coupling energy between the
two channels within mean-field approximation is given
by 〈Voc〉 = 2(1/a+ − 1/a−)|∆o∆c| cos(θo − θc), where
θo,c are the phases of the order parameters ∆o,c. When
0 < a− < a+, the bound state in the triplet potential
(determined by a−) has lower energy and as a result, the
triplet pairing order parameter ∆− = ∆o + ∆c is domi-
nant over the singlet component ∆+. As a result, in order
to minimize the coupling energy 〈Voc〉, ∆o∆c > 0 and in-
phase solution is the ground state. On the other hand,
when a− > a+ or a− < 0, the singlet channel is the dom-
inant pairing component and the out-of-phase solution
−2 −1 0 1 2 3
−1
−0.5
0
0.5
1
a
−
/a+
∆
/
k
2 F
 
 
∆
c
∆
o
∆
o
Out−phase ground state
∆
c
 & ∆
o
∆
c
Out−phase ground state
∆
o
∆
c
∆
o
∆
c
δ = 1k2
F
∆
c
in−phase
ground
state
∆
o
FIG. 1. (Color online) The order parameters for the two band
superfluid close to a orbital Feshbach resonance. Depending
on the values of a
−
/a+, there are in general two types of
solution to the mean field equation. The red lines indicate in-
phase solution while the green lines are for the out-of-phase so-
lution. The solid lines indicate stable solution and the dashed
lines are for the saddle point solution for specific parameter
range of a
−
/a+. We choose the parameters δ = k
2
F .
∆o∆c < 0 is the true ground state. Hence, it is expected
that as one changes a−, the ground state properties will
change from a singlet dominant pairing to a triplet one.
At the transition when a− = a+, the the open and closed
channels decouple (the coupling constant ∝ a−−a+) [1].
The two channels become independent from each other,
so the the out-phase and in-phase solutions are degen-
erate; See Figure 1. The experimental interaction pa-
rameters near the orbital-Feshbach resonance of 173 Yb
atomic gas are a+ ∼ 1900a0 and a− ∼ 200a0, giving
a−/a+ ∼ 0.1 [2, 3]. So the ground state of system is in-
phase solution of ∆c∆o > 0 close to OFR. In this work,
we shall mainly focus on the true ground state and its
associated collective excitations for different parameters
of a−/a+ and the detuning δ.
Collective excitations. To investigate the fluctuation
around the mean field solutions, we write ∆o,c(x) =
∆o,c+ηo,c(x). Transforming to the momentum and Mat-
subara frequency space, we can write the inverse Green
function as G−1(k, k′) = G−10 (k)δ(k − k′) + K(k, k′),
where
G−10 (k)=


iωn − ǫok ∆o 0 0
∆∗o iωn + ǫ
o
k 0 0
0 0 iωn − ǫck ∆c
0 0 ∆∗c iωn + ǫ
c
k

 (9)
and the matrix K(k, k′) is given by
K(k, k′) =


0 ηo(−q) 0 0
η∗o(q) 0 0 0
0 0 0 ηc(−q)
0 0 η∗c (q) 0

 . (10)
Here k = {iωn,k} and δ(k − k′) ≡ δ3(k − k′)δnn′ . ǫok =
k2/2−µ and ǫck = k2/2+δ/2−µ are the kinetic energy of
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FIG. 2. (Color online) The dispersions of the collective ex-
citations for different detuning for the ground state with
a
−
/a+ = 0.8. (a) For δ = 0, both Leggett and phonon modes
are well defined and below the quasi-particle continuum. (b)
As detuning increased to δ = 1k2F , the gap for the Leggett
mode at q = 0 is pushed upwards. (c) For δ = 2k2F , only
phonon mode remains and the Leggett mode merges into the
continuum.
the open and closed channel measured from the chemical
potential µ. The four-momentum transfer q = k − k′ ≡
{k− k′, iωn− iωn′}. The fluctuation contribution to the
effective action then can be written in the usual quadratic
form Sη =
1
2
∑
q η¯qM(q)ηq where the fluctuation matrix
is given by [21]
M =


Mo11(q) M
o
12(q) dg 0
Mo21(q) M
o
22(q) 0 dg
dg 0 M c11(q) M
c
12(q)
0 dg M c21(q) M
c
22(q)

 . (11)
Here η¯q = [η
∗
o(q), ηo(−q), η∗c (q), ηc(−q)] and dg =
1/2(1/g− − 1/g+) = −1/8π(1/a− − 1/a+). The various
M ’s are given by
Mo11(q)=
1
β
∑
k
Go11(k + q)Go22(k)+
1
2
[
1
g+
+
1
g−
]
, (12)
Mo12(q) =
1
β
∑
k,n′
Go12(k + q)Go12(k), (13)
Mo21(q) = M
o
12(q), (14)
Mo22(q) = M
o
11(−q), (15)
and similarly for the closed channel. The collective modes
are given by the zeros of determinant Det|M(q, ω +
i0+)| = 0 [22].
In Figure 2 (a-c), we show the excitation spectrums
for three different detunings δ = 0, 1, 2 (in unit of k2F )
and for fixed values of a−/a+ = 0.8. Because of the ex-
istence of two bands, in addition to the usual Goldstone
(or Anderson-Bogoliubov) modes (green lines in Fig.2),
which corresponds to the oscillation of total density, there
appears additional Leggett mode (red lines), which cor-
responds to the oscillation of the relative densities of the
two bands [23]. With increasing detuning δ, the Leggett
modes gradually merge into the two quasi-particle con-
tinuum and are heavily damped.
One can understand the appearance of the Leggett
mode as follows. In the absence of inter-channel cou-
pling (a− = a+), the pairing occurs in the closed and the
open channel independently. As a result, two phonon
modes appear corresponding to the independent density
fluctuations in the two channels. As the inter-channel
coupling (a− 6= a+) is turned on, there still remains a
phonon mode corresponding to the total density fluctu-
ations, while the fluctuation of relative densities in the
two channels acquires a non-zero gap due to inter-channel
coupling. In Figure 3(b), we calculated the variations of
gap of the Leggett mode ωL(q = 0) with the scattering
length a−/a+ in ground states. As expected, near the
phase transition point (a−/a+ = 1) where inter-channel
coupling vanishes, ωL(q = 0)→ 0.
Figure 3 (a) shows the variations of sound velocity as
a function of δ with different a−/a+ for out-phase solu-
tion (∆o∆c < 0). When the detuning 0 < a−/a+ < 1,
the system is metastable (a saddle point of energy), how-
ever there still exist well-defined phonon modes (green
line) in Figure 3(a). This is because for q → 0, the
phonon modes correspond to in-phase density oscilla-
tion of two channels that is along the direction along
which the energy increases. In addition, with increasing
of δ, the system enters to the BCS limit [1]. Conse-
quently, sound velocity also saturates to its BCS limit
value cs = vF /
√
3 (green line) [21]. For other several
values of a−/a+ = −0.1,−2, 2, the system is in its true
ground state and the sound velocity increases with in-
creasing of detuning δ. When δ = 0, the Hamiltonian
can be written as two independent (singlet and triplet
orbital) channel Hamiltonian by reorganizing the single-
particle Hamiltonian of Eq. (1). The out-phase solution
would satisfy ∆o = −∆c. Hence only the singlet orbital
paring ∆+ = (∆c − ∆o)/2 occurs, while the triplet or-
bital paring ∆− = (∆c + ∆o)/2 vanishes. Consequently
the thermodynamical potential does not depend on a−
and sound velocities for different a−/a+ are same. In ad-
dition, for fixed δ, sound velocity increases when a−/a+
varies from −0.1 to 2 when detuning is small while de-
ceases for larger δ.
Dynamical structure factor. As a direct probe of the
Leggett mode, one can use the Bragg spectroscopy which
is related to the density fluctuations of the system [33].
We define the density correlation function matrix as
χ(q) ≡
( 〈δρo(−q)δρo(q)〉 〈δρo(−q)δρc(q)〉
〈δρc(−q)δρo(q)〉 〈δρc(−q)δρc(q)〉
)
, (16)
where δρo,c(q) are the density fluctuation operators in
the open and closed channel. The explicit form of χ(q)
in terms of the various components of G0 [Eq. 9] can be
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FIG. 3. (Color online) (a) The evolution of sound velocity cs
with detuning δ for various parameter a
−
/a+ for out-phase
solution ∆o∆c < 0. The dashed line indicates the limiting
value with cs = 1/
√
3vF in the BCS limit. (b) The evolution
of gap for the Leggett mode with a
−
/a+ for δ = 0.1k
2
F in the
ground states. Note that the gap closes at a
−
/a+ = 1 where
the coupling between the two channels vanishes.
arranged as χ(q) = a− bM−1c with a, b, c given by
a =
(
πo11(q) 0
0 πc11(q)
)
, (17)
b =
(
πo12(q) π
o
13(q) 0 0
0 0 πc12(q) π
c
13(q)
)
, (18)
c =


πo21(q) 0
πo31(q) 0
0 πc21(q)
0 πc31(q)

 . (19)
The polarization operators are given by
πo11(q) =
2
β
∑
k
(Go11(k + q)Go22(k)−Go12(k + q)Go21(k)),
(20)
πo12(q) = π
o
21(q) =
2
β
∑
k
Go21(k + q)Go22(k), (21)
πo13(q) = π
o
31(q) =
2
β
∑
k
Go22(k + q)Go12(k) (22)
and similarly for the closed channel components. The dy-
namical structure factor for the total density fluctuation
is given by (iωn → ω + 0+)
Stotal(ω) = − 1
π
Im(χ11 + χ12 + χ21 + χ22) (23)
and that for the relative density oscillation is given by
Srel(ω) = − 1
π
Im(χ11 − χ12 − χ21 + χ22). (24)
The dynamical structure factor Stotal satisfies the famous
f-sum rule
∫
dωωStotal(q, ω)[[ρq, H ], ρ−q]/2 = Nq
2/2m,
where ρq = ρ
o
q + ρ
c
q is the total density fluctuation
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FIG. 4. (Color online) The dynamical structure factors for
the total density (a,b) and the relative density (c,d) for δ =
1k2F and δ = 2k
2
F with a−/a+ = 0.8. (a,b) only phonon
mode is present in Stotal(q, ω) and its frequency increases with
wave vector q. (c,d) Srel(q, ω) features peaks corresponding
to Leggett mode at relative higher energies.
operator and N = No + Nc is the total number of
fermions. Defining the relative density fluctuation op-
erator mq ≡ ρoq − ρcq, one can show that, in the limit
when q → 0 (or more precisely qr0 ≪ 1, where r0 is the
range of actual inter-atomic potential)∫
dωωSrel(q, ω) =
1
2
[[mq, H ],m−q] =
Nq2
2m
− 8〈Voc〉.
(25)
〈Voc〉 is the coupling energy between the open and the
closed channels. This is an exact relation and does not
depend on the quantum state. For true ground state,
the coupling energy 〈Voc〉 < 0, so the contribution to
the sum rule is positive; while for saddle point solution
(〈Voc〉 > 0), the contribution is negative. When q = 0,
the sum rule for the relative density fluctuation gives
directly the coupling energy 〈Voc〉, which quantifies the
correlation between the open and the closed channels.
Fig. 4 shows dynamical structure factors Stotal(q, ω)
and Srel(q, ω) for a−/a+ = 0.8, δ = 1k
2
F [Figure 4 (a,c)]
where the Leggett mode is well defined and δ = 2k2F
[Figure 4 (b,d)] where the Leggett mode is within the
two-particle continuum and damped [see Fig.2(c)]. In
Fig.4(a,b), Stotal(q, ω) only features a low frequency
peaks corresponding to phonon excitations while the
Leggett mode is absent. For Srel(q, ω), in addition to the
phonon modes, there appear high frequency peaks corre-
sponding to well defined [Fig.4(c)] and damped [Fig.4(d)]
Leggett mode. Comparing Fig.4 (c) with Fig.4 (d), the
spectral weight of Leggett mode diminishes after merg-
ing into the continuum. Investigations of the Leggett
modes in multi-band superconductor have already at-
tracted intensive interests [24–29]. It is only until very
recently years that some evidences of its existence have
5been observed experimentally in multi-band supercon-
ductors MgB2, by tunneling spectroscopy techniques [30],
Raman spectroscopy [31], and angle-resolved photoemis-
sion spectroscopy [32]. In the case of cold atom system,
the Leggett modes have so far not been observed exper-
imentally. One can expect that with the realization of a
two-band superfluid Fermi gas, the Leggett modes would
appear as resonance peaks in the Bragg spectroscopy.
Conclusions. Motivated by experimental realization
of orbital Feshbach resonance, we have investigated the
collective excitations of two-band superfluid near the or-
bital Feshbach resonance. We identified the existence of
the (damped/undamped) Leggett mode in the relative
density response of the system, which can be measured
using Bragg spectroscopy. The vanishing of the gap of
the Leggett mode can be used further to identify the
quantum phase transition from the singlet to the triplet
orbital pairing.
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